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Quantumness, Entanglement and non-
Stabilizerness 

What makes a system quantum? 



Quantumness
• Probabilistic theory (shared with classical) 

• Incompatible observables (uncertainty 
principle) 

• entangled states 

• Bell’s inequalities 

• quantum advantage and universal quantum 
computers 

• quantum chaos 

• special properties at equilibrium and not of 
quantum many-body systems - quantum 
simulation
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Bell’s inequalities (CHSH)

<latexit sha1_base64="8KFisoFrfmathi+JcVJtQ5XdTyk=">AAACQHicbZDNSwJBGMZn7cvsa6tjlyEJg0h2Raqj0KWjQX6AisyOrzo4O7vMzAZiQv9Yl/6Ebp27dCiia6dG19SsFwYefs8zX48Xcqa04zxbiaXlldW15HpqY3Nre8fe3SurIJIUSjTggax6RAFnAkqaaQ7VUALxPQ4Vr3c58iu3IBULxI3uh9DwSUewNqNEG9S0K3d1TkSHAyZeXcbqBE9ZZgZnucwPO53LTaE5EHCuaaedrDMe/Fe4E5FGkyk27ad6K6CRD0JTTpSquU6oGwMiNaMchql6pCAktEc6UDNSEB9UYzAuYIiPDGnhdiDNEhqP6fyOAfGV6vueSfpEd9WiN4L/ebVIty8aAybCSIOg8UXtiGMd4FGbuMUkUM37RhAqmXkrpl0iCdWm85QpwV388l9RzmXds2z+Op8ulO7jOpLoAB2iY+Sic1RAV6iISoiiB/SC3tC79Wi9Wh/WZxxNWJMK99Gvsb6+AYm7rv8=</latexit>

|habi+ ha0bi+ hab0i � ha0b0i|  2
We know that there are 
separable measurements that 
violate the CHSH inequality

Why? Entanglement (?)



Entanglement

Is entanglement enough? 

Not all density matrices are separable

All these evolutions maximally 
entangle the state, but they 
feature increasing complexity

<latexit sha1_base64="tJGdvgjeuW+dCw5XjU5mUcOY+Hs="></latexit>
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<latexit sha1_base64="z04PLMZvo3MKr9uHvXl6K0R/etg=">AAACF3icbVDLSsNAFJ34rPUVdelmsAiuQiJS3Qi1brqsYB/QhDCZTtqhk0mYmQgl9C/c+CtuXCjiVnf+jZM2YG09MHDmnHu5954gYVQq2/42VlbX1jc2S1vl7Z3dvX3z4LAt41Rg0sIxi0U3QJIwyklLUcVINxEERQEjnWB0m/udByIkjfm9GifEi9CA05BipLTkm5YbITXEiMEGvIa/H/8GurGiEZHzYt03K7ZlTwGXiVOQCijQ9M0vtx/jNCJcYYak7Dl2orwMCUUxI5Oym0qSIDxCA9LTlCM90cumd03gqVb6MIyFflzBqTrfkaFIynEU6Mp8R7no5eJ/Xi9V4ZWXUZ6kinA8GxSmDKoY5iHBPhUEKzbWBGFB9a4QD5FAWOkoyzoEZ/HkZdI+t5yqVb27qNTqRRwlcAxOwBlwwCWogQZoghbA4BE8g1fwZjwZL8a78TErXTGKniPwB8bnD35/nkc=</latexit>

H = HA ⌦HB
<latexit sha1_base64="V86wLcMcBo9k/au7AlmFVlTdaj0=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiQi1Y1Q68Zlhb6gCWEynbRDZyZhZiKWUNz4K25cKOLWr3Dn3zhNu9DWAxcO59zLvfeECaNKO863tbS8srq2Xtgobm5t7+zae/stFacSkyaOWSw7IVKEUUGammpGOokkiIeMtMPhzcRv3xOpaCwaepQQn6O+oBHFSBspsA+9RNHgGl5Bj4fxQ9aQ46AGc9EuOWUnB1wk7oyUwAz1wP7yejFOOREaM6RU13US7WdIaooZGRe9VJEE4SHqk66hAnGi/Cx/YQxPjNKDUSxNCQ1z9fdEhrhSIx6aTo70QM17E/E/r5vq6NLPqEhSTQSeLopSBnUMJ3nAHpUEazYyBGFJza0QD5BEWJvUiiYEd/7lRdI6K7uVcuXuvFStzeIogCNwDE6BCy5AFdyCOmgCDB7BM3gFb9aT9WK9Wx/T1iVrNnMA/sD6/AEv95au</latexit>

 A = TrB 

Rényi entropies



Entanglement in quantum many-
body systems…and?

Entanglement is of fundamental importance 
in QMB systems because: 

1. It determines the hardness of simulation 
by tensor network methods 

2. It detects exotic phases of matter like 
topological states 

3. explains the structure of CFTs 

4. gives an explanation of thermalization in 
closed quantum systems

How complex is this 
entanglement?



Entanglement Complexity
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Entanglement Spectrum 
Statistics shows different 
patterns of complexity of 
entanglement described 
by RMT and distinguishing 
ETH, Integrable models 
and MBL

<latexit sha1_base64="gJlUh6sQNB6DXLznxDjVRdLXKY4=">AAACDXicbVDNS8MwHE3n15xfVY9eglMQxNGKTC/CwIMeJ7gPWEtJ03TLlqYlSYVR9g948V/x4kERr969+d+YbUV080Hg5b3fI/k9P2FUKsv6MgoLi0vLK8XV0tr6xuaWub3TlHEqMGngmMWi7SNJGOWkoahipJ0IgiKfkZY/uBr7rXsiJI35nRomxI1Ql9OQYqS05JkHTkCYQl4fXkKH6VyAvKx/bI/gyc+975llq2JNAOeJnZMyyFH3zE8niHEaEa4wQ1J2bCtRboaEopiRUclJJUkQHqAu6WjKUUSkm022GcFDrQQwjIU+XMGJ+juRoUjKYeTryQipnpz1xuJ/XidV4YWbUZ6kinA8fShMGVQxHFcDAyoIVmyoCcKC6r9C3EMCYaULLOkS7NmV50nztGJXK9Xbs3LtOq+jCPbAPjgCNjgHNXAD6qABMHgAT+AFvBqPxrPxZrxPRwtGntkFf2B8fAOD7Jqc</latexit>

�j = �j+1 � �j
<latexit sha1_base64="TqdJUy38qJGQc19BC4NirocIdnY="></latexit>
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Spectral rigidity in RK-
sign model

<latexit sha1_base64="FPQ3TZxJAXiM56w6qLn89L1oQ9o="></latexit>
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Phys. Rev. Lett. 112, 240501 (2014);  
Phys. Rev. B 96, 020408 (2017) 

Phys. Rev. B 107, 134202 (2023)



Quantum circuits can be 
very complex 

and thus hard to simulate

FACT: circuits with only H, S, C_X are benign: why?

both learning and simulating are 
exp(2n) costly. Of course, it would be 
easy without entangling gates



Quantum circuits 
can be very simple

<latexit sha1_base64="GmP0sM63O1sew9mT62Gzvr8As1U=">AAACCnicbVDLTgIxFO3gC/GFunRTJSauyAwiuiRxoztMBEZhMul0OtDQaSdtx4QQ1m78FTcuNMatX+DOv7HALBQ8yU1Oz7k3t/cECaNK2/a3lVtaXlldy68XNja3tneKu3stJVKJSRMLJqQbIEUY5aSpqWbETSRBccBIOxhcTvz2A5GKCn6rhwnxYtTjNKIYaSP5xUPXd+C1X4H3/qmpKrzzz6Dr17osFFqZl+kp2WV7CrhInIyUQIaGX/zqhgKnMeEaM6RUx7ET7Y2Q1BQzMi50U0UShAeoRzqGchQT5Y2mp4zhsVFCGAlpims4VX9PjFCs1DAOTGeMdF/NexPxP6+T6ujCG1GepJpwPFsUpQxqASe5wJBKgjUbGoKwpOavEPeRRFib9AomBGf+5EXSqpSdWrl6Uy3V61kceXAAjsAJcMA5qIMr0ABNgMEjeAav4M16sl6sd+tj1pqzspl98AfW5w/SZ5fZ</latexit>

X1I2Z3Z4Y5X6 . . . Yn

These processes are easy, n^2 
matrix elements

Clifford group: centralizer of 
Pauli group. Strings are 
mapped into strings

<latexit sha1_base64="y/ZQJl4xfILzrleILdyiEBgl6aY=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXZUZkepGKHbjcgT7gM5YMplMG5pkhiQjlFI3/oobF4q49S/c+Tem7Sy09UDgcM693JwTpowq7TjfVmFpeWV1rbhe2tjc2t6xd/eaKskkJg2csES2Q6QIo4I0NNWMtFNJEA8ZaYWD+sRvPRCpaCLu9DAlAUc9QWOKkTZS1z7woM9RqnQC6/d+hHrQg/Ur6J107bJTcaaAi8TNSRnk8Lr2lx8lOONEaMyQUh3XSXUwQlJTzMi45GeKpAgPUI90DBWIExWMpgnG8NgoEYwTaZ7QcKr+3hghrtSQh2aSI91X895E/M/rZDq+DEZUpJkmAs8OxRmDJu+kDhhRSbBmQ0MQltT8FeI+kghrU1rJlODOR14kzbOKW61Ub8/Lteu8jiI4BEfgFLjgAtTADfBAA2DwCJ7BK3iznqwX6936mI0WrHxnH/yB9fkDcYSU9g==</latexit>

P 7! C†PC = P 0These stringy objects are easy 
to manipulate, we need 4n bits

Gottesman et al : Clifford group is 
easy to both learn and simulate: 
poly(n)

Clifford operations, 
computational basis states: 
STABILIZER resources

<latexit sha1_base64="sx8iWRrA7Mj8uJ8kEhqoAv5z5R0="></latexit>

HXH = Z HZH = X

CX1C = X1X2 ZXZ = �X

SXS
† = Y CZ2C = Z1Z2

Simulating t-doped circuits ~ poly (n) exp (t)  
S. Bravyi and D. Gosset, PRL 116 (250501)



transition to quantum chaos

The t-doped random  
Clifford circuit

• A T-doped random Clifford circuit 
is a circuit made with the benign 
gates H,P,C_X injected with some 
T-gates 

• As the number t of T-gates 
increases, we inject more SE in 
the circuit  

• Its quantum complexity increases, 
driving a transition from Clifford 
circuits to more generic circuits

Classical Quasi-chaotic Chaotic

Quantum Chaos is Quantum 
L. Leone, S.F.E. Oliviero, Y. Zhou, AH 

Quantum 5, 453 (2021)



Magic (non-Stabilizerness)



What is magic?
Magic quantifies the distance from the 
Free (Clifford) resources

<latexit sha1_base64="GZAI1XLV9agMTU2QO42Znj2ZZiA="></latexit>

PSTAB = {C|i1 . . . ini : C 2 C(dn)}

<latexit sha1_base64="raHYLGC7GVTD4U8GbF+YTaiAwp4=">AAACEHicbVDJSgNBEO1xjXEb9eilMYiewoxIFEGI8ZJjxGyQGUJPp5M06VnorpGEYT7Bi7/ixYMiXj1682/sLAdNfFDweK+KqnpeJLgCy/o2lpZXVtfWMxvZza3tnV1zb7+uwlhSVqOhCGXTI4oJHrAacBCsGUlGfE+whje4HfuNByYVD4MqjCLm+qQX8C6nBLTUNk8c3wuHyX31pmSn+OoaO4kDbAhJORaihStjw02dtG3mrLw1AV4k9ozk0AyVtvnldEIa+ywAKohSLduKwE2IBE4FS7NOrFhE6ID0WEvTgPhMucnkoRQfa6WDu6HUFQCeqL8nEuIrNfI93ekT6Kt5byz+57Vi6F66CQ+iGFhAp4u6scAQ4nE6uMMloyBGmhAqub4V0z6RhILOMKtDsOdfXiT1s7xdyBfuznPF0iyODDpER+gU2egCFVEZVVANUfSIntErejOejBfj3fiYti4Zs5kD9AfG5w8dmJwI</latexit>

STAB1 := {Hull[ PSTAB]}

<latexit sha1_base64="cjL46nn+FAdz10fCfyQoRHLYaxo=">AAACHHicbVDLSgMxFM34rPVVdekmWARXZUaliiBo3bis2GqhU0omvdXQTGZI7ohlmA9x46+4caGIGxeCf2P6WKj1QOBwzrnc3BPEUhh03S9nanpmdm4+t5BfXFpeWS2srV+ZKNEc6jySkW4EzIAUCuooUEIj1sDCQMJ10Dsb+Nd3oI2IVA37MbRCdqNEV3CGVmoX9vwwiO7Ty9ppxc3o0TH1Ux/hHlODDMHQONE2DR0qFK0OUpmftQtFt+QOQSeJNyZFMka1XfjwOxFPQlDIJTOm6bkxtlKmUXAJWd5PDMSM99gNNC1VLATTSofHZXTbKh3ajbR9CulQ/TmRstCYfhjYZMjw1vz1BuJ/XjPB7mErFSpOEBQfLeomkmJEB03RjtDAUfYtYVwL+1fKb5lmHG2feVuC9/fkSXK1W/LKpfLFfvGkMq4jRzbJFtkhHjkgJ+ScVEmdcPJAnsgLeXUenWfnzXkfRaec8cwG+QXn8xvKE6E1</latexit>

STAB0 := {states purified in PSTAB}

Free States for stabilizer formalism

One can establish STAB0 as
<latexit sha1_base64="eOy/fd16yMpXj7TovbxPnG1ENKE=">AAACEHicbZDLSgMxFIYz9VbrbdSlm2AR66bMFKlSKNS6cVmxN+gMQyZN29BkZkgyYhn6CG58FTcuFHHr0p1vY3pZaOsPgY//nMPJ+f2IUaks69tIrayurW+kNzNb2zu7e+b+QVOGscCkgUMWiraPJGE0IA1FFSPtSBDEfUZa/vB6Um/dEyFpGNTVKCIuR/2A9ihGSlueeepwP3xI7upXVWsMS2XoJE4kKSxB7hVyEzwrW9AZe2bWyltTwWWw55AFc9U888vphjjmJFCYISk7thUpN0FCUczIOOPEkkQID1GfdDQGiBPpJtODxvBEO13YC4V+gYJT9/dEgriUI+7rTo7UQC7WJuZ/tU6sepduQoMoViTAs0W9mEEVwkk6sEsFwYqNNCAsqP4rxAMkEFY6w4wOwV48eRmahbxdzBdvz7OV6jyONDgCxyAHbHABKuAG1EADYPAInsEreDOejBfj3fiYtaaM+cwh+CPj8wcBEZqt</latexit>

STAB0 := { : m2( ) = 0}

<latexit sha1_base64="FFbLPBmSXDi/YbAyL0AE7xMTzQg="></latexit>

Mdist( ) := min
�2F

1

2
k � �k1

Unfortunately such distances are 
uncomputable and unmeasurable

m2 is an entropic measure of magic



Non-stabilizerness = 
String entropy

• Strings proliferate because of non Clifford 
unitaries 

• The linear combination of strings comes with 
a weight. This weight represents the 
probability that such a string would be the 
outcome of a measurement

String entropy = Stabilizer Entropy SE

Stabilizer Rényi Entropy 
L. Leone, S.F.E. Oliviero, AH 

Physical Review Letters, 128, 050402 (2022)

<latexit sha1_base64="RMnpcPzFcVAnFlX/nDI5xEiDHSY="></latexit>
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<latexit sha1_base64="B/G6K98RbAUmRjXEDpbqH0HkHmg=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUkDIjvjZC0Y3LEewDOqVk0kwbmkyGJCOWYX7Cjb/ixoUibgV3/o2ZdhbaeiBwOOdcbu7xI0aVtu1vq7CwuLS8Ulwtra1vbG6Vt3eaSsQSkwYWTMi2jxRhNCQNTTUj7UgSxH1GWv7oOvNb90QqKsI7PY5Il6NBSAOKkTZSr3zkyaGAl9ALJMKJkyb91FMx77nQ4754SLRMYdXNQofQ7ZUrds2eAM4TJycVkMPkv7y+wDEnocYMKdVx7Eh3EyQ1xYykJS9WJEJ4hAakY2iIOFHdZHJVCg+M0oeBkOaFGk7U3xMJ4kqNuW+SHOmhmvUy8T+vE+vgopvQMIo1CfF0URAzqAXMKoJ9KgnWbGwIwpKav0I8RKYfbYosmRKc2ZPnSfO45pzVTm9PKvWrvI4i2AP7oAoccA7q4Aa4oAEweATP4BW8WU/Wi/VufUyjBSuf2QV/YH3+AFz4nlI=</latexit>

⇢ =
1

d

X

P

tr(P⇢)P

Example: consider the evolution 
of a string  with two T operations

<latexit sha1_base64="rYCvBMH2LsyrrNGb1DsUXT5UpRk=">AAACKXicbVDJTsMwFHRYS9kKHLlYVEicqqSU5RiJC9yK1CXQhMhx3NSKs8h2kKqov8OFX+ECEgi48iO4bZCgZaQnj2bes/3GSxkVUtc/tIXFpeWV1dJaeX1jc2u7srPbEUnGMWnjhCXc8pAgjMakLalkxEo5QZHHSNcLL8Z+955wQZO4JYcpcSIUxLRPMZJKcium5Rrwyq3DlnsMLVWtO9tHQUC44rduA964J8oLlReq48e0mZ9IoUx1RVWv6RPAeWIUpAoKNN3Ki+0nOItILDFDQvQMPZVOjrikmJFR2c4ESREOUUB6isYoIsLJJ5uO4KFSfNhPuKpYwon6eyJHkRDDyFOdEZIDMeuNxf+8Xib7505O4zSTJMbTh/oZgzKB49igTznBkg0VQZhT9VeIB4gjLFW4ZRWCMbvyPOnUa8ZprXHdqJpmEUcJ7IMDcAQMcAZMcAmaoA0weABP4BW8aY/as/aufU5bF7RiZg/8gfb1Dadvo/I=</latexit>

X1I2T3X3T
†
3Z4Y5TkXkT

†
k . . . Yn

<latexit sha1_base64="vjcX0uZf1y5T2zkTK7Mmh68zVos=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWoS4sSSnqsuDGZQX7kCaUyXTSDp08nJkIJWTjr7hxoYhbP8Odf+O0zUJbD1w4nHMv997jxZxJZVnfRmFldW19o7hZ2tre2d0z9w/aMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONr6d+55EKyaLwTk1i6gZ4GDKfEay01DePHF9gktpZ6sgHoVAtQ5Xu+f1Z3yxbVWsGtEzsnJQhR7NvfjmDiCQBDRXhWMqebcXKTbFQjHCalZxE0hiTMR7SnqYhDqh009kDGTrVygD5kdAVKjRTf0+kOJByEni6M8BqJBe9qfif10uUf+WmLIwTRUMyX+QnHKkITdNAAyYoUXyiCSaC6VsRGWGdiNKZlXQI9uLLy6Rdq9oX1fptvdxo5HEU4RhOoAI2XEIDbqAJLSCQwTO8wpvxZLwY78bHvLVg5DOH8AfG5w8piZV4</latexit>

1p
2
(X � Y )

<latexit sha1_base64="vjcX0uZf1y5T2zkTK7Mmh68zVos=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWoS4sSSnqsuDGZQX7kCaUyXTSDp08nJkIJWTjr7hxoYhbP8Odf+O0zUJbD1w4nHMv997jxZxJZVnfRmFldW19o7hZ2tre2d0z9w/aMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONr6d+55EKyaLwTk1i6gZ4GDKfEay01DePHF9gktpZ6sgHoVAtQ5Xu+f1Z3yxbVWsGtEzsnJQhR7NvfjmDiCQBDRXhWMqebcXKTbFQjHCalZxE0hiTMR7SnqYhDqh009kDGTrVygD5kdAVKjRTf0+kOJByEni6M8BqJBe9qfif10uUf+WmLIwTRUMyX+QnHKkITdNAAyYoUXyiCSaC6VsRGWGdiNKZlXQI9uLLy6Rdq9oX1fptvdxo5HEU4RhOoAI2XEIDbqAJLSCQwTO8wpvxZLwY78bHvLVg5DOH8AfG5w8piZV4</latexit>

1p
2
(X � Y )

SE is a good monotone for pure 
states and a good proxy in the 

resource theory for mixed states

<latexit sha1_base64="9Fj0dM4BFDnUkyS/TGof+4qLZSs="></latexit>
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SE can be measured

Measuring Magic on a Quantum Processor 
L. Leone, S.F.E. Oliviero, AH, S. Lloyd 

Nature Physics Quantum Inf 8, 148 (2022)

state 
preparation

Experimental Protocol

Experimental results  IBM-
Falcon quantum computer



Interplay between SE and Entanglement 
Bell’s inequalities, anti-flatness, scrambling 



Bell’s inequalities

<latexit sha1_base64="8KFisoFrfmathi+JcVJtQ5XdTyk=">AAACQHicbZDNSwJBGMZn7cvsa6tjlyEJg0h2Raqj0KWjQX6AisyOrzo4O7vMzAZiQv9Yl/6Ebp27dCiia6dG19SsFwYefs8zX48Xcqa04zxbiaXlldW15HpqY3Nre8fe3SurIJIUSjTggax6RAFnAkqaaQ7VUALxPQ4Vr3c58iu3IBULxI3uh9DwSUewNqNEG9S0K3d1TkSHAyZeXcbqBE9ZZgZnucwPO53LTaE5EHCuaaedrDMe/Fe4E5FGkyk27ad6K6CRD0JTTpSquU6oGwMiNaMchql6pCAktEc6UDNSEB9UYzAuYIiPDGnhdiDNEhqP6fyOAfGV6vueSfpEd9WiN4L/ebVIty8aAybCSIOg8UXtiGMd4FGbuMUkUM37RhAqmXkrpl0iCdWm85QpwV388l9RzmXds2z+Op8ulO7jOpLoAB2iY+Sic1RAV6iISoiiB/SC3tC79Wi9Wh/WZxxNWJMK99Gvsb6+AYm7rv8=</latexit>

|habi+ ha0bi+ hab0i � ha0b0i|  2
<latexit sha1_base64="YH8/KR0HIfjsqTHHG7msN4jwoic="></latexit>

Let B0 be made of just Pauli measurements for both Bob and Alice
<latexit sha1_base64="jTjCeynDv0liP2ySnVPajty0emE=">AAACH3icbVDLSsNAFJ34tr6iLt0Ei1A3JSlSXZZ241LBPqCpYTK9SYdOHszcCCXkT9z4K25cKCLu/BuntQttPTBwOOdc7tzjp4IrtO0vY2V1bX1jc2u7tLO7t39gHh51VJJJBm2WiET2fKpA8BjayFFAL5VAI19A1x+3pn73AaTiSXyHkxQGEQ1jHnBGUUueWXdVlnp5q0DpCgiw0vRyu2i5SQQhndH73B3SMARZuJKHIzzXuZpnlu2qPYO1TJw5KZM5bjzz0x0mLIsgRiaoUn3HTnGQU4mcCShKbqYgpWxMQ+hrGtMI1CCf3VdYZ1oZWkEi9YvRmqm/J3IaKTWJfJ2MKI7UojcV//P6GQZXg5zHaYYQs59FQSYsTKxpWdaQS2AoJppQJrn+q8VGVFKGutKSLsFZPHmZdGpVp16t316UG815HVvkhJySCnHIJWmQa3JD2oSRR/JMXsmb8WS8GO/Gx090xZjPHJM/ML6+AfrYo44=</latexit>

sup
C

tr
�
B0C!0C

†�  2

<latexit sha1_base64="k0n7us+Tkdt9Q9YPLZWnbK12i+s=">AAAB+nicbVBNT8JAEJ36ifhV9OhlIzHBC2mNQS8mBD14xMQCCTRku2xhw27b7G41BPkpXjxojFd/iTf/jQv0oOBLJnl5byYz84KEM6Ud59taWV1b39jMbeW3d3b39u3CQUPFqSTUIzGPZSvAinIWUU8zzWkrkRSLgNNmMLye+s0HKhWLo3s9SqgvcD9iISNYG6lrFzo3lGuMaugKESRK3mnXLjplZwa0TNyMFCFDvWt/dXoxSQWNNOFYqbbrJNofY6kZ4XSS76SKJpgMcZ+2DY2woMofz06foBOj9FAYS1ORRjP198QYC6VGIjCdAuuBWvSm4n9eO9XhpT9mUZJqGpH5ojDlSMdomgPqMUmJ5iNDMJHM3IrIAEtMtEkrb0JwF19eJo2zslspV+7Oi9VaFkcOjuAYSuDCBVThFurgAYFHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QNQwZIb</latexit>

�B = cm(U)
Bell’s violation is 
measured by SE

This state can be 
maximally entangled!

A B
bits

a,a’

±1±1

b,b’
correlated



anti-flatness = 
scrambled magic

<latexit sha1_base64="zk3tp+e9Abo/WcMVND2jiIfvRT4=">AAACGnicbVBLSwMxGMzWV62vqkcvwSLUS9mtUr0IrV48eKjQh9DdLtlstg3NPkiyQln2d3jxr3jxoIg38eK/MW0X1NaBwGRmPpJvnIhRIXX9S8stLa+sruXXCxubW9s7xd29jghjjkkbhyzkdw4ShNGAtCWVjNxFnCDfYaTrjK4mfveecEHDoCXHEbF8NAioRzGSSrKLhnmjwi6yG/ACmh5HOGnxnsmHod3on1hpUv65Vq3jfjW1iyW9ok8BF4mRkRLI0LSLH6Yb4tgngcQMCdEz9EhaCeKSYkbSghkLEiE8QgPSUzRAPhFWMl0thUdKcaEXcnUCCafq74kE+UKMfUclfSSHYt6biP95vVh651ZCgyiWJMCzh7yYQRnCSU/QpZxgycaKIMyp+ivEQ6T6karNgirBmF95kXSqFaNWqd2eluqXWR15cAAOQRkY4AzUwTVogjbA4AE8gRfwqj1qz9qb9j6L5rRsZh/8gfb5DUaOn8o=</latexit>

⇤A =
Tr[⇢3A]

(Tr[⇢2A])
2

the interplay between SE and entanglement 
gives rise to scrambled magic and quantum 
complexity

We propose scrambled, non-local magic as 
a probe and measure of the resource of 
quantum complexity in many-body systems

<latexit sha1_base64="8/mOW3RM2sjat5WouH6ppsfPQ8o="></latexit>

mNL( ) = min
UA⌦UB

m2 [UA ⌦ UB( )]



Scrambling
1. Quantum chaos depends on the 

quantum butterfly effect: far away 
influences can have dramatic effects 
everywhere 

2. In order for a perturbation to spread 
everywhere, its operator needs to 
fragment and grow: it is a 
combination of entanglement and 
string entropy, that is, SE 

3. If there is chaos, there is scrambling, 
and scrambling can be measured by 
the decay of correlations: OTOC

Quantum Chaos is Quantum 
L. Leone, S.F.E. Oliviero, Y. Zhou, AH 

Quantum 5, 453 (2021)

<latexit sha1_base64="3tAMvOM9Bfyupc6fHB3q0FZJB2U=">AAACIHicbVDLSgMxFM3UV62vUZdugkWoC8uMFOtGKLhxI1Zw2kJnKHfSTBuaeZBkhDL0U9z4K25cKKI7/RrTx6K2HggczjmXm3v8hDOpLOvbyK2srq1v5DcLW9s7u3vm/kFDxqkg1CExj0XLB0k5i6ijmOK0lQgKoc9p0x9cj/3mIxWSxdGDGibUC6EXsYARUFrqmNXbjgs86QMuOaf4yg0EkMweZfbZVB5hl8c97N6FtAdz0Y5ZtMrWBHiZ2DNSRDPUO+aX241JGtJIEQ5Stm0rUV4GQjHC6ajgppImQAbQo21NIwip9LLJgSN8opUuDmKhX6TwRJ2fyCCUchj6OhmC6stFbyz+57VTFVx6GYuSVNGITBcFKccqxuO2cJcJShQfagJEMP1XTPqgO1K604IuwV48eZk0zsv2RblyXynWarM68ugIHaMSslEV1dANqiMHEfSEXtAbejeejVfjw/icRnPGbOYQ/YHx8wvWmaGM</latexit>

M↵(U) =
1

1� ↵
log⌦↵(U)

scrambling condition:

quantum chaos is reached 
when SE is maximal

<latexit sha1_base64="/D4ht9UF90AtXF5Z86Vjdk/Bub0="></latexit>

⌦AD(Ut) '
1

22|A| +
1

22|D| �
1

22(|A|+|D|)

<latexit sha1_base64="UeM9O0fp7HfOlGXnw7ogiN6Eqlo="></latexit>

⌦AD(Ut) =
1

2n
htr(PAU

†
t PDUtPAU

†
t PDUt)i

OTOC:



Magic and quantum protocols 
verification, learning, decoding black holes



<latexit sha1_base64="uDKqLG9tZNmIWwZH3GhJuIE5s1w="></latexit>

2

✏2
ln

2

�
exp[M2( )] N ̃

64

✏4
ln

2

�
exp[M0( )]

Quantum 
certification

1. What do we need to achieve 
quantum advantage? A magic M 
scaling with the number of qubits 

2. Quantum computers are 
notoriously fragile. One needs to 
check if they are doing what they 
promise, measuring a fidelity 

3. Measuring the fidelity turns to be 
harder as the quantum computer 
is more advantageous, another 
sign of fragility!

<latexit sha1_base64="EBVrkkrxqEoQFoycqGE89CQpOXU="></latexit>

The number of resources N needed to ascertain
the fidelity F with accuracy "
and success probability 1� � is bounded as

Nonstabilizerness determining the hardness of 
direct fidelity estimation 

L. Leone, S.F.E. Oliviero, AH 
Phys. Rev. A 107, 022429

quantum complexity = 
hardness in certification



Learning t-doped stab 
states

•Given a t-doped Clifford Circuit, a t-doped stabilizer state 
is defined as 

• For any t 

• Elements of         and      commute. 

• For                   it holds that:   
 

learning by compressing  

the stabilizer entropy requires

L Leone, SFE Oliviero, AH 
Learning t-doped stabilizer states 
Quantum 2024-05-27, volume 8, page 1361 



Quantum correlations

<latexit sha1_base64="XCQr4jLV9PFkKLt43OU0/N8V4WY=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoUEsiUh1I7Rxo7tK7QXaUibTSTt0cmFmIpRY3Pgqblwo4tancOfbOGmz0OoPAx//OYcz53dCRoU0zS8ts7C4tLySXc2trW9sbunbOw0RRByTOg5YwFsOEoRRn9QllYy0Qk6Q5zDSdEaXSb15R7iggX8rxyHpemjgU5diJJXV0/euC5V724AXsFaoGEe1gm0cJ2gbPT1vFs2p4F+wUsiDVNWe/tnpBzjyiC8xQ0K0LTOU3RhxSTEjk1wnEiREeIQGpK3QRx4R3Xh6wgQeKqcP3YCr50s4dX9OxMgTYuw5qtNDcijma4n5X60dSfe8G1M/jCTx8WyRGzEoA5jkAfuUEyzZWAHCnKq/QjxEHGGpUsupEKz5k/9C46RolYqlm9N82U7jyIJ9cAAKwAJnoAyuQBXUAQYP4Am8gFftUXvW3rT3WWtGS2d2wS9pH9+/7pMw</latexit>

I(A|B) = S(A) + S(B)� S(AB)

spatial correlations:

space-time correlations:
<latexit sha1_base64="E7rBmHCqAqVfKjepT5ipSf8BPhs=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoUUsMyLVjdBqF7qr1F6gHUomzbShmQtJRihjceOruHGhiFufwp1vY6adhbb+EPj4zzmcnN8OGBXSML611MLi0vJKejWztr6xuaVv7zSEH3JM6thnPm/ZSBBGPVKXVDLSCjhBrs1I0x5exfXmPeGC+t6dHAXEclHfow7FSCqrq+/d5MoPlTy8gLVcOX9Uy1XyxzFW8l09axSMieA8mAlkQaJqV//q9HwcusSTmCEh2qYRSCtCXFLMyDjTCQUJEB6iPmkr9JBLhBVNThjDQ+X0oONz9TwJJ+7viQi5QoxcW3W6SA7EbC02/6u1Q+mcWxH1glASD08XOSGD0odxHrBHOcGSjRQgzKn6K8QDxBGWKrWMCsGcPXkeGicFs1go3p5mS5dJHGmwDw5ADpjgDJTANaiCOsDgETyDV/CmPWkv2rv2MW1NacnMLvgj7fMHyUCTNg==</latexit>

I(A|D) = S(A) + S(D)� S(AD)
The channel E goes from A to DB’

<latexit sha1_base64="yO2f2k+xqx04sO13/glE978AaTU="></latexit>

| ti ⌘ Ut|BB0i|ARi

All the information of A is encoded by 
the entanglement with R

<latexit sha1_base64="Z7KkqSogUzsqLx9zYviTFdBD7Es=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4KjMqVVxVi+Cyin1ApwyZNG1DM5khuSOWcT7Ejb/ixoUiblwI/o3pY6HVAyGHc+4lOcePBNdg219WZm5+YXEpu5xbWV1b38hvbtV1GCvKajQUoWr6RDPBJasBB8GakWIk8AVr+IPKyG/cMqV5KG9gGLF2QHqSdzklYCQvf+gGBPqUCHxxiu/PXEVkTzBs1EhDaG4/vEtApV5yXUmxW9XcAy9fsIv2GPgvcaakgKaoevkPtxPSOGASqCBatxw7gnZCFHAqWJpzY80iQgekx1qGShIw3U7G4VK8Z5QO7obKHAl4rP7cSEig9TDwzeQoip71RuJ/XiuG7kk74TKKgUk6eagbC2xij5rCHa4YBTE0hFDFzV8x7RNFKJg+c6YEZzbyX1I/KDqlYunqqFA+n9aRRTtoF+0jBx2jMrpEVVRDFD2gJ/SCXq1H69l6s94noxlrurONfsH6/AajXKHC</latexit>

E : |Ai 7! trRC t



Hayden-Preskill, JHEP 2007, 120 
Kitaev-Yoshida, 1710.03363

Decoupling theorem
<latexit sha1_base64="3Q3rKTRdURCOMvwzxmxivTZfZQI="></latexit>

I(R|DB0) ⌘ |A|+ log 22|A|⌦AD(Ut)

So if the U is scrambling A is 
perfectly correlated with the output 

DB’:
<latexit sha1_base64="lvWF3PRPHphZPMlfeM8U5Vpg3Jw=">AAACBnicbVDLSgNBEJyNrxhfUY8iLAYhHgy7ItGLEKMHvUUxD8iuYXbSmwyZfTAzK4RNTl78FS8eFPHqN3jzb5xNctDEgoaiqpvuLidkVEjD+NZSc/MLi0vp5czK6tr6RnZzqyaCiBOokoAFvOFgAYz6UJVUMmiEHLDnMKg7vYvErz8AFzTw72Q/BNvDHZ+6lGCppFZ29zp/O7gs38dWyKkHw4Ozwfng0IJQUJb4OaNgjKDPEnNCcmiCSiv7ZbUDEnngS8KwEE3TCKUdYy4pYTDMWJGAEJMe7kBTUR97IOx49MZQ31dKW3cDrsqX+kj9PRFjT4i+56hOD8uumPYS8T+vGUn31I6pH0YSfDJe5EZMl4GeZKK3KQciWV8RTDhVt+qkizkmUiWXUSGY0y/PktpRwSwWijfHuVJ5Ekca7aA9lEcmOkEldIUqqIoIekTP6BW9aU/ai/aufYxbU9pkZhv9gfb5A4VnmI4=</latexit>

I(R|DB0) = |A|� ✏
<latexit sha1_base64="Xd03rOcjiFhVFaqCvXJiMo6ZOHM=">AAACBXicbVDLSgMxFM3UV62vUZe6CBZBEOtMkepGqI+Fywr2AW0tmTRtQzPJkGSEMtONG3/FjQtF3PoP7vwb03YW2nrgwuGce7n3Hi9gVGnH+bZSc/MLi0vp5czK6tr6hr25VVEilJiUsWBC1jykCKOclDXVjNQCSZDvMVL1+lcjv/pApKKC3+lBQJo+6nLaoRhpI7Xs3fg6Po8v4sMGE13YIIGiTPD76Mg9zg9bdtbJOWPAWeImJAsSlFr2V6MtcOgTrjFDStVdJ9DNCElNMSPDTCNUJEC4j7qkbihHPlHNaPzFEO4bpQ07QpriGo7V3xMR8pUa+J7p9JHuqWlvJP7n1UPdOWtGlAehJhxPFnVCBrWAo0hgm0qCNRsYgrCk5laIe0girE1wGROCO/3yLKnkc24hV7g9yRYvkzjSYAfsgQPgglNQBDegBMoAg0fwDF7Bm/VkvVjv1sekNWUlM9vgD6zPH1Gal9Q=</latexit>

|D| = |A|+ log ✏�1/2

How do we recover |RA’> from  

the output DB’?

We need U = V^T for this to work, 
but U is actually inaccessible. What 

can we do? can we learn U?



Efficient decoder 
learning

<latexit sha1_base64="WDr1yHgcFwK7R5xmatEMsOuD8n0="></latexit>

G⇤(Ut) := {P 2 P⇤ |U†
t PUt 2 Pn}

Imagine there are some preserved 
Clifford orbits:

<latexit sha1_base64="37Iv4Gp7jnVMzfmPgljkocBFN1U=">AAACF3icbZBNS8MwGMfT+Tbn29Sjl+AQJshoRaYXYaigxwq2G6yzpGm2haVpTVJhlH0LL34VLx4U8ao3v43Zi6Cbfwj88n+eh+T5BwmjUpnml5Gbm19YXMovF1ZW19Y3iptbroxTgYmDYxaLRoAkYZQTR1HFSCMRBEUBI/Wgdz6s1++JkDTmN6qfkFaEOpy2KUZKW36xYnuUw0v/ouz4av8AencpCqF7m3kh6gxs91TbPxeNfrFkVsyR4CxYEyiBiWy/+OmFMU4jwhVmSMqmZSaqlSGhKGZkUPBSSRKEe6hDmho5iohsZaO9BnBPOyFsx0IfruDI/T2RoUjKfhTozgiprpyuDc3/as1UtU9aGeVJqgjH44faKYMqhsOQYEgFwYr1NSAsqP4rxF0kEFY6yoIOwZpeeRbcw4pVrVSvj0q1s0kcebADdkEZWOAY1MAVsIEDMHgAT+AFvBqPxrPxZryPW3PGZGYb/JHx8Q3fb56Q</latexit>

P 2 GD(Ut), V †PV = U †
t PUt

The randomizer R completes V in a 
random way, keeping it Clifford

<latexit sha1_base64="bAI/wfFavunHxO3I/cDCEF8Npqs="></latexit>

FV (Ut) '
1

1 +
d2
A�1

|GD(Ut)|

� 1

1 + 22|A|+t�2|D|

We effectively pushed SE in the subsystem F of D 
It is very important to notice that V is not U!

perfect fidelity for t<n; then degradation occurs

<latexit sha1_base64="MHQ8kY0b38FZ/AyALdAZxy4O/Tk=">AAACDHicbVC7TsMwFHV4lvIqMLJYVEjt0CqpUGGsgIGxSPQhNaFyXKe16jiR7SBVaT6AhV9hYQAhVj6Ajb/BaTNAy5EsHZ1zrnzvcUNGpTLNb2NldW19YzO3ld/e2d3bLxwctmUQCUxaOGCB6LpIEkY5aSmqGOmGgiDfZaTjjq9Sv/NAhKQBv1OTkDg+GnLqUYyUlvqFou0jNcKIxc2k1C5De0igVandx6pSK/HK9HpaTnTKrJozwGViZaQIMjT7hS97EODIJ1xhhqTsWWaonBgJRTEjSd6OJAkRHqMh6WnKkU+kE8+OSeCpVgbQC4R+XMGZ+nsiRr6UE9/VyXR1ueil4n9eL1LehRNTHkaKcDz/yIsYVAFMm4EDKghWbKIJwoLqXSEeIYGw0v3ldQnW4snLpF2rWvVq/fas2LjM6siBY3ACSsAC56ABbkATtAAGj+AZvII348l4Md6Nj3l0xchmjsAfGJ8/t+yZgg==</latexit>

P(V ) � 1� 2t�2(n�|D|)

L Leone, SFE Oliviero, S Lloyd AH
Phys. Rev. Lett. 132, 080402 (2024) and 
Phys. Rev. A 109, 022429 (2024)



Black holes are scramblers that leak 
information

The black hole is 
an information 

scrambler. 
Recovering the 

information 
requires to be able 

to unscramble



The price for learning is However, the price for simulating the 
black hole is poly(n)! How can a 

complex U be decoded by a simple U? 
This sounds quite incredible!

<latexit sha1_base64="CbqBeJaPskKgpSve/PZK6lBh/uo=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEqSEmKVJdFNy4r2Ae0sUymk3boZCbMTKQh5FfcuFDErT/izr9x2mahrQcuHM65l3vv8SNGlXacb2ttfWNza7uwU9zd2z84tI9KbSViiUkLCyZk10eKMMpJS1PNSDeSBIU+Ix1/cjvzO09EKir4g04i4oVoxGlAMdJGGtilfuiLaRoJlmQVflF71OcDu+xUnTngKnFzUgY5mgP7qz8UOA4J15ghpXquE2kvRVJTzEhW7MeKRAhP0Ij0DOUoJMpL57dn8MwoQxgIaYprOFd/T6QoVCoJfdMZIj1Wy95M/M/rxTq49lLKo1gTjheLgphBLeAsCDikkmDNEkMQltTcCvEYSYS1iatoQnCXX14l7VrVrVfr95flxk0eRwGcgFNQAS64Ag1wB5qgBTCYgmfwCt6szHqx3q2PReualc8cgz+wPn8AlbGUJw==</latexit>

poly(n, 2t)
as long as t<n

“Alice laughed. 'There's no use trying,' she said. 'One can't 
believe impossible things.’  

I daresay you haven't had much practice,' said the Queen. 
'When I was your age, I always did it for half-an-hour a day. 
Why, sometimes I've believed as many as six impossible things 

before breakfast.



SE and EE in quantum many-body systems



Entanglement spectrum flatness 
a b c

Magic vs Flatness Experiment 

Initial product state 

= CNOT 

Entangled state 

Flat ES  Non flat ES  

Hilbert space  

Full Clifford orbit Shallow orbit 

Input: pure state       and threshold 
Output: True if the state is magic 

1. Set              ,                   ,             .
2.    While (                ) and (                  ) do: 
3.        Measure           
4.        If          : 
5.             
6.        else 
7.            choose a random unitary 
8.            do 
9.        return bool 

t

10 1 100

M2

0.0

0.2

0.4

0.6

0.8

1.0

Su
c

= 0.0025
= 0.005
= 0.01
= 0.02
= 0.03
= 0.04

<latexit sha1_base64="+2g89M5ESjRbqZsw+3gr7oe4XH8=">AAACKXicbZDLSgMxFIYz9VbrbdSlm2AR6sIyU6W6EVoFcVmhN+i0QyZN29DMhSQjlqGv48ZXcaOgqFtfxEw7orb+EPj5zjmcnN8JGBXSMN611MLi0vJKejWztr6xuaVv79SFH3JMathnPm86SBBGPVKTVDLSDDhBrsNIwxlexvXGLeGC+l5VjgLSdlHfoz2KkVTI1kvQcpEcYMSiq7FdhjkrEPQQnivs+HdRlY9hTOxy5/joh3UK37Rg61kjb0wE542ZmCxIVLH1Z6vr49AlnsQMCdEyjUC2I8QlxYyMM1YoSIDwEPVJS1kPuUS0o8mlY3igSBf2fK6eJ+GE/p6IkCvEyHVUZ3yWmK3F8L9aK5S9s3ZEvSCUxMPTRb2QQenDODbYpZxgyUbKIMyp+ivEA8QRlircjArBnD153tQLebOYL96cZEsXSRxpsAf2QQ6Y4BSUwDWogBrA4B48ghfwqj1oT9qb9jFtTWnJzC74I+3zC0AIpW4=</latexit>

FA( ) = Tr 3
A � Tr2 2

A
<latexit sha1_base64="3kwLXRZIchAEa3kwVHZVNzr/SRU="></latexit>

hFA(C )iC = ↵(d, dA)Mlin(| i)

Anti-flatness of the entanglement 
spectrum: entanglement is needed to 

have a spectrum to start with

On the other hand, magic, makes the 
spectrum bend: non magic = FLAT

Average on C is actually magic!

SE and entanglement

Phys. Rev. A 109, L040401 (2024)



SE in quantum spin chains

work in progress…

A stabilizer gap separates integrable 
from non integrable systems



Holography and scrambled magic



AdS-CFT correspondence
• Holography states that quantum 

field theory on the boundary is 
equivalent to GR in the bulk 

• Breakthrough: RT formula. 
Entanglement in CFT (quantum) is 
equivalent to minimal surface in AdS 
(solution to Einstein equations) 

• But what about gravity? Gravity 
needs back-reaction. This can be 
measured to the susceptibility of 
areas to matter = tension

Big Question: 

what is the holographic 
dual of back-reaction?



• The intuition is: by RT formula, 
we know that surfaces are Rényi 
entropies, and tension are 
susceptibility to the Rényi index n 

• figure of speech: without tension, 
a drum gives no sound.  

• However, without SE, all spectra 
must be flat: somehow SE is 
involved in tension and thus in 
back-reaction

The holographic dual 
of gravity is magic <latexit sha1_base64="CCtgx7UyeHEpXnzjgfc2bWMaOZ4="></latexit>

local unitary transformations UA ⌦ UB

cannot change the spectra
so have no holographic meaning.

What then?

the holographic dual of 
back-reaction is (non-

local) magicC Cao, G Cheng, AH, L Leone, W 
Munizzi, SFE Oliviero, 2403.07056

<latexit sha1_base64="3qRMZooOAwLaHetMFV8CDyyLfyQ="></latexit>

1

(4G)2
@�A
@T / mNL( )



(partial) list of open problems
• Scrambling in shallow t-doped circuits 
• SE as purification resource 
• correlations between SE and EE 
• resource theory of non-local magic 
• non-local magic susceptibility and topological order 
• SE in the SYK model 
• stabilization and disentangling in temperature 
• gravity and non local magic in AdS-CFT 
• SE and non-locality/non-realism


